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A rather more general construction is shown to yield the generalized 
quadrangles of order (s, t) (s = q - 1, t = q + 1, q any prime power) con- 
structed by Ahrens and Szekeres and by Hall. 
1. PROLEGOMENA 
A generalized quadrangle of order (s, t) is a finite incidence plane P with 
o1 = (1 + t)(l + st) lines, 2~~ = (1 + s)(l + st) points, and a symmetric 
incidence relation satisfying the following axioms (cf. [3]): 
I-l. No two lines of P are incident with two points in common. 
I-2. If x is a point of P and L is a line of P such that x I L (i.e., x is 
not incident with L), then there is a unique pair (x’, L’) consisting of a 
point and line, respectively, such that x 1 L’, x’ 1 L’, and x’ 1 L. 
I-3. Each line (point) is incident with 1 + s points (1 + t lines). 
For some time the only known quadrangles had orders (s, t) with s and t 
powers of the same prime. The first examples for which this was not the 
case were apparently given by Ahrens and Szekeres [l] and by Hall [4]. 
Inspired by [4] we gave a rather more general construction in [7] with 
only a remark that our construction does yield the examples of [I] and 141. 
It is the purpose of this note to justify that remark, so we begin by 
reviewing the construction in [7]. 
Let P be a generalized quadrangle of order s (i.e., of order (s, 8)). If 
x and y are distinct points of P, let z,, , z1 ,..., z, be the points collinear 
with both x and y. Then the pair (x, y) is called regular provided that 
any point collinear with two of the zi’s is collinear with all of them. 
The point x is regular if the pair (x, y) is regular for all points y, y 5 x. 
Let x, be any regular point of P, and let L, and L, be two lines through 
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x, . A generalized quadrangle P*(xm) of order (s - 1, s + 1) is defined 
as follows: Points of P*(xm) are precisely the points of P which are not 
collinear in P with x, . The lines of P*(xm) are of two types. Those of 
type (i) are the lines of P not incident with xm , and those of type (ii) 
are indexed by pairs [x1, xZ] of points such that xi 1 Li, xi # x, , 
i = I, 2. For lines of type (i) the incidence is that of P restricted to points 
of P*. (We drop the x, when only one regular point is involved.) The line 
[x1 , xZ] is to be incident in P* with precisely those points of P different 
from x, which are collinear in P with both x1 and x2 . Clearly each point 
in P* is incident (in P*) with a unique line of type (ii), so no two of these 
lines meet. For each line L of P through xm let A’(L) denote the family 
of lines of type (i) of P* which meet L in P. Then &V(L) is also a family 
of lines such that each point of P* is on a unique line of A?‘(L). The lines 
of type (ii) of P* clearly serve to recapture the points of any L through x, 
in P, since a line L, of type (ii) meets precisely those lines of A’(L) which 
meet in P at one point of L. We now state formally this reverse procedure: 
THEOREM 1 .l. Let P* be a generalized quadrangle of order (s - I, 
s + 1). Suppose that the lines of P* are partitioned into families A,, 
a E (Go, I, 2 )...) s, 0}, such that: 
(i) Each family A&‘~ has 9pairwise disjoint lines, so that each point of P* 
is on a unique line in each ~4’~ . 
(ii) For each 01 E (co, 1, 2 ,..., s}, Aa is partitioned into s subsets called 
“bundles,” each containing s lines of P*, in such a way that each line 
L, E 4, is a “transversal” of some bundle of 4, . Specifically this means 
that, zfL,, is incident with points z1 ,..., z, in P*, 1j-a E {co, I,..., s}, and zfLi 
is the line of A, through zi , i = 1, 2 ,..., s, then the set {L, ,..., L,} is one of 
the bundles of dim . 
Then from such a P* a generalized quadrangle P of order s may be 
constructed as follows: Point of P are of three kinds: points of type (i) 
are just the points of P*; points of type (ii) are the s2 + s bundles of P*; 
there is a unique point of type (iii) denoted by (co). Lines are of two types. 
Lines of type (a) are the lines of P* not in the family &‘,, . Lines of type (b) 
are the families .&YE of P* other than M,, . The incidence is as follows: 
a point of type (i) is incident with a line of type (a) if and only if the two 
are incident in P*. A point of type (ii) is incident with each line of type (a) 
which belongs to it in P*, and with the unique line of type (b) of which it 
is a subset in P*. The unique point of type (iii) is incident with all lines of 
type @I. 
Proof. The proof amounts to checking that there can be no triangles. 
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Then since the parameters are corect, it follows from [8] that P is a 
generalized quadrangle. 
Note the similarity of this construction to the Type III construction of 
[5] due to Tits. 
We remind the reader of the following interesting construction of 
symmetric block designs given in [l]. Let P* be a generalized quadrangle 
of order (s - 1, s + 1). Let B be the design whose points and blocks are 
labeled by the lines of P*. Then the block labeled by Line L of P* is 
incident with precisely those points of P* labeled by lines of P* different 
from L but concurrent in P* with L. It follows that B is a (s3 + 2s2, 
s2 + s, s)-design. 
In Section 2 the examples of Hall and Ahrens-Szekeres with s = 2” are 
shown to yield via the method of Theorem 1.1 precisely the quadrangles 
studied in [5], [6], and [7]. In Section 3 the examples of [l] with s = qe, 
q an odd prime, are shown to yield quadrangles of Type I (as in [5]). 
2. s =2e 
We review the construction of P*. Let F = GF(2e); let Q be a set of 
s + 2 points (xi, yi, ZJ of affine three-space Y over F such that any 
three members of Q are linearly independent. Without loss of generality 
we may assume 
Q = w, 0, I>, (0, 1, ON u NL c, 4 I c E F>, 
where cx is a permutation of the elements of F fixing 0 and 1 and satisfying 
cow - Cla 
co - Cl # Coa - C2a co - cz 
whenever c o, c1 , c2 are distinct elements of F. The points of Y are the 
points of P*, and the cosets in Y of the s + 2 additive groups linearly 
spanned by the points of 52 are the lines of P*. Incidence in P* is just the 
containment relation of Y. Hence (x1 , y, , zl) and (xZ , y2 , ~2) are collinear 
in P* if and only if there is some point (w. , w1 , w.J of Q and some t E F 
such that 
(Xl - X2,Yl - Y2,Zl - z2) = (two 3 tw1, tw2). 
This is the case if and only if 
(9 Xl = x2 ,Yl = Y,,  
or (ii) x1 = x2 , z1 = z2 , 
or (iii) x1 f x2 and i 
Y1-3% a Zl - z2 ZC-. x 
1 
_ x 
2 1 Xl - x2 
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In the terminology of Theorem 1.1 we let &‘, be the family 
([x, y] ( X, y E F), where [x, y] is the line of P* incident with the points 
(x, y, z), z E F. A0 is the family {L(x, -, z) 1 x, z .E F} where L(x, -z) is 
the line of P* incident with the points (x, y, z), y E F. For each u E F, let 
.MU be the family {[u, u, W] ( U, w  E F), where [u, v, w] is the line of P* 
incident with the points (x, v + UX, w  + VX), x E F. Note that 4, is just 
the family of cosets of the group spanned by (0, 0, l), &‘, is the family 
of cosets of the group spanned by (0, 1, 0), and AU is the family of cosets 
of the group spanned by (1, u, u”). The bundles of .&?, are the sets (x) = 
([x, y] j y E F) of lines. The bundles of =&YU are sets (w, u”) = {[u, 21, w] ( u E F) 
of lines. If we also denote the line AU of P by [u], u E F and the line M, 
by [co], and if we then write out a table of incidences for P as described 
in Theorem 1.1, the isomorphism between P and the affinely represented 
generalized quadrangle P(a) (of Theorem 5.1 with /3 = id in IS]) will be 
obvious (see also Table II in [6]). 
3. s =JF,PODD 
By Benson’s work [2] we know that, if P is a quadrangle of order s, 
then P is of Type I if and only if given any three points x, y, z of P there 
is some point w  collinear with each of x, y, and z. The method of this 
section is to show that a P derived from the P* of order (s - 1, s + 1) 
given by Ahrens and Szekeres, s an odd prime power, must be of Type I 
(cf. 151). 
The construction of Ahrens and Szekeres is as follows: Let 9’ be the 
affine 3-space over F = GF(p”). Points of 9 are points of P*. The lines 
of P* are of three types 
(i) For A, BE F, the line [-, B, A] is incident with the points 
(x, B, A), x E F. 
(ii) For C, A E F, the line [C, -, A] is incident with the points 
C, Y, A), Y E F. 
(iii) For A, B, C E F, the line [C, B, A] is incident with the points 
(Ctz - Bt + A, -2Ct + B, t), t E F. 
In the terminology of Theorem 1.1 the lines of type (i) will constitute a 
family AO, the lines of type (ii) a family A, , and the lines [C, B, A] of 
type (iii) with fixed C E F, arbitrary B, A E F, a family MC . The bundles 
of A, are the families (A) = ([C, -, A] j C E F}. The bundles of MC are 
the families (C, B) = {[C, B, A] ( A E F}. 
Let P be the generalized quadrangle derived from P* via Theorem 1.1. 
A straightforward computation shows that the points with “affine” 
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representations (co), (x), (x, y), (x, y, z) of P satisfy precisely the col- 
linearities listed below: 
(1) (x0 , y. , zo) is collinear with (x1 , y1 , ZJ if and only if 
(Yo + Y&l - zo> = xx0 - Xl>. 
(2) (C, B) is collinear with (x, y, z) if and only if y = -2Cz + B. 
(3) (x, y, z) is collinear with (z). 
(4) (C, Bl) and (C, B,) are collinear. 
(5) (C, B) and (co) are collinear. 
(6) (A,) and (A,) are collinear. 
(7) (A) and (co) are collinear. 
A triple X, Y, 2 of pairwise noncollinear points will be called a triad. 
The goal is to show that for any triad X, Y, 2 there is a point W collinear 
with each of X, Y, 2. The proof is arranged into cases according to the 
types of the points in the triad; (x, , y. , zo) is type I; (x0, y,J is type II, 
(x0) is type III; and (co) is type IV. Formally there are then many cases, 
most of them vacuous. We present the details only for the least trivial of 
the cases: 
Case (I, I, I). Suppose (X0 , X, , X,) is a triad of points Xi = (xi , yi , zJ. 
For subscripts reduced mod 3 to one of 0, 1,2 this means that 
(Vi + Yi+&i+1 - Zi) f wi - Xi+1L i = 0, 1,2. 
We then wish to find a point X, = (x3, y, , z3) of type I such that 
(Yi + Y&3 - Zi) = 2(Xi - x31, i = 0, 1,2, 
or a point (C, B) of type II such that 
B = yi -I- 2Czi , i= 0,1,2. 
A point X, = (x3 , ys , z3) satisfying the above conditions can be found if 
and only if the following system of linear equations in y3 , z3 has a solution: 
(3 - zo) Ys + (Yo - Y3 5 = YOZO - YlZl + 2(x0 - 43 
(z2 - zo) Y3 + (Yo - Y2) 5 = YOZO - Y2Zz + 2(x0 - %h 
The determinant of this system is 
d = 2 Zi(Yi-1 - Yi+A 
i=O 
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where subscripts are reduced modulo 3. Hence if d # 0 we can solve for 
an X, of type 1. On the other hand the system B = yi + 2Czi, 
i = 0, 1, 2, is easily verified to be consistent if and only if d = 0. This 
completes Case (I, I, I, I). The only other cases that might be considered 
non-trivial are for triads of types (I, I, II) and (I, I, III). But even there the 
computations are somewhat simpler than, and in the same spirit as, the 
ones just presented. 
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